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1. Introduction 

> , 

OO , In the area of exact solutions of tlie Einstein field equations space-times admitting 

^ i Killing spinors occupy a special position. Many known and important exact solutions 

^ I admit Killing spinors: the Friedmann-Lemaitre-Robertson- Walker, Kerr, Kantowski- 



Sachs, Schwarzschild interior and Wahlquist's rotating perfect fluid metrics are just 
a few examples crossing one's mind. More generally every conformally fiat space- 
time admits Killing spinors, as well as every locally rotationally symmetric perfect 
fluid, every Petrov type D vacuum solution and, with the exception of the Plebanski- 
^ i Hacyan metrics, every Petrov type D (doubly aligned) Einstein-Maxwell solution. As 

5^ I the existence of a Killing spinor is a conformally invariant property of a space-time, 

this suggests the construction of new, physically relevant, exact solutions (for example 
rotating perfect fluids or non-aligned Petrov type D Einstein-Maxwell solutions), by 
finding suitable conformal representants of Killing spinor space-times. Because of the 
particular relevance of the Petrov type D situation, a chief concern — but an undertaking 
which has not yet been completed — is the construction of all so-called KS space-times. 
These were defined in [10] as non- conformally flat space-times admitting a non-null 
valence two Killing spinor Xab- Alternatively they can be characterised as the class 
of Petrov type D conformal Killing- Yano space-times: their repeated principal Weyl 
spinors are aligned with the principal spinors of Xab |13] . 



Xab = Xoi^At-B), (1) 

and define geodesic shear-free null congruences, while the square Pat = Da^Dcb of the 
conformal Killing- Yano two- form Dab = Xab^A'B' + Xa'b'^ab is a conformal Killing 
tensor of Segre type [(11)(11)]. There is always a conformal representant in which Pab is a 
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Killing tensor, namely when the modulus |X| of the Killing spinor is constant (by means 
of a global rescaling this constant can be taken = 1): this conformal representant will be 
called the unitary representant. To facilitate the discussion a Killing tensor of Segre type 
[(11) (11)] with two non-constant (double) eigenvalues will be called regular, in contrast 
to the ones with one or two constant eigenvalues, which will be called semi-regular or 
exceptional respectively. The Killing tensor existing in the unitary representant belongs 
to the latter family and vice- versa: if a representant admits an exceptional Killing tensor, 
then that representant is -modulo a constant rescaling- the unitary one. Generically 
a KS space-time admits conformal representants with a regular Killing tensor: these 
are the space-times considered by Jeffryes [7] and which play an important role in for 
example Einstein-Maxwell theory (for example all fully aligned Petrov type D Einstein- 
Maxwell solutions |4], with the exception of the Plebanski-Hacyan metrics [13], belong 
to this category). KS space-times which do not possess a conformal representant with a 
regular Killing tensor necessarily belong to Jeffryes' [7j classes / or /at: while the semi- 
regular case was dealt with in for class In and in [16] for class /, the existence of KS 
space-times of Jeffryes' class / admitting neither regular nor semi-regular Killing tensors, 
was demonstrated only recently [2]. These space-times were obtained by imposing some 
algebraic restrictions on the curvature and turned out to be homogeneous, having a 
4-dimensional maximal isometry group. These results also indicated that a set of space- 
times might have been overlooked in [10]: the form of the homogeneous class I metrics 
suggests the existence of a homogeneous limit of class 1^, contradicting the property 
that all In space-times of fTO] admit a 3-dimensional maximal isometry group. Indeed, 
it turned out that in [iO\ the possibility was overlooked that all Cartan scalars could be 
constants, thereby giving rise to a homogeneous space-time. Together with the fact that 
it was not at all obvious from [7] which of the KS space-times of classes //, III, II In, IV 
did admit an isometry group of dimension ^ 4, this seemed to justify a systematic 
investigation of all KS space-times admitting a homogeneous conformal representant. 
Provided that the space-time is of Petrov type D (because of the resulting alignment 
of the Killing spinor with the Weyl spinor, see equation ([T])), the modulus |X| of the 
Killing spinor is then a geometric invariant and is therefore constant: the homogeneous 
members of this family are then precisely the unitary representant and its constant 
rescalings. 

In §2 I present the main equations describing KS space-times with a homogeneous 
unitary representant. In §3 I give a complete classification of these space-times, explicitly 
listing the corresponding line-elements. In §4 a possible physical interpretation of the 
conformal representants of the different classes is discussed. 

2. Main equations 

Following the notations and conventions of |2], the tetrad basis vectors are taken as 
k,£,m,rn with —k"'ia = 1 = m'^rria- The correspondence with the Newman- Penrose 
operators |1 2] and the basis one-forms is given by (m", m", A;") ^ (5, 5, A,D) and 
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{ffiaima., —kai —la) ^ (cj^ , LJ^, LJ'^, LJ^) . The descriptioii of the problem becomes most 
compact when using the Geroch-Held-Penrose formahsni^l: writing a symmetric (non- 
null) spinor Xab as in ([T]) and using o, l as the basis spinors, the property that Xab is 
a Killing spinor implies (see [7j for details) 

K = (T = (2) 

and 

= -pX, (3) 

gx = -tX, (4) 

together with their 'primed versions' and X' = X, namely k' = a' = and P'X = —p'X, 
d'X = —t'X. It follows that the Weyl tensor is of Petrov type D (or O) and that 

m, m are its principal null directions. 

In the unitary representant |X| is constant and hence 

P + P = t + t' = 0. (5) 
The main equations become then 

a) the integrability conditions expressing the existence of the Killing spinor: 

p'p - Pp' = 0, Sr' - gV = 0, Pt' - d'p = 0, (6) 

b) the GHP equations: 

= 0, (7) 
gp = 2pr + <l>oi, (8) 

Pr = 2pr + %i, (9) 
Sr = 0, (10) 

Pp' - Qr' = -pp' -rr-^2-^R (11) 

$00 = -p^'^'02 = -r^ (12) 
R 

E = -—-pp' + tt', (13) 



where E is the real part of \l/2 = -E + iH, 

c) the Bianchi equations (in which \l/2, $ii and R are constants as a consequence 
of the homogeneity assumption): 

I^^oi = -p(4$oi + 5rp), (14) 
I^'^oi = p $01 - P$i2 + r(3W^ + rr - 2<l>ii), (15) 
g<I>oi = -r(4<l>oi + 5rp), (16) 

I for details the reader is referred to [5j , but to ease comparison with the Newman- Penrose formahsm, 
remember that the GHP weighted operators P, P' ,d, 3' generahse the NP operators D, A, S, 5, while the 
GHP variables k', a' , p', r' replace the NP variables —i/, —A, — /i, — tt 
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g'$o, = -r$oi - r$io - P(3W^ + pp' + 2$n), (17) 

= 3p'(W^ - ^2) - 3r<l>i2 - 3r$2i, (18) 

g(r2) = 3r(W; - ^2) + 3p'$io - 3p<l>2i. (19) 

I will occasionally make use also of 0-weighted quantities U, V (both real and with 
U' = U,V' = V) defined by 

R = 8{U -V)- IQpp', = f/ + K - 2pp' (20) 



All these equations must be read as being accompanied by their 'dashed' and 
complex conjugate versions. 

3. Classification of the homogeneous KS space-times 

In [7J KS space-times were classified, according to the behaviour of their GHP spin 
coefficients. The following cases were distinguished: class I [pp'rr' 7^ 0), class J^v 
(prr' ^ 0, p' = 0), class // (rr' ^ 0, p = p' = 0), class /// (pp' ^ 0, r = r' = 0), class 
II In { P ^ 0, p' = t = t' = 0) and class IV {p = p' = t = t' = 0). In classes //, 
///, IIIn and IV conformal representants with regular Killing tensors always exist. In 
principle one can use the results of in order to obtain information about any possible 
homogeneous members in these classes. This is however not obvious and therefore the 
analysis is presented from scratch in the unitary representant. 

All 0-weighted combinations of GHP quantities, such as pp' and rr, are geometric 
invariants and therefore are constants in a homogeneous space-time: for each class the 
consequences of this elementary observation will be analysed separately. 

3.1. Class I 

Defining the variables (p, cf)' by 

r'$oi = -3prr' - 2p0, r<l>2i = -3p'rr' - 2p'0', (21) 

homogeneity implies f'(rr') = and hence, using ([9]), — = 0. If a class I conformal 
representant would admit a regular Killing tensor, then [TB] also 0-1-0 would be and 
hence = 0. Then however Bianchi equation (fT^ . which in terms of the functions 0, 0' 
reads 

i^0=^(kr-i0p), 

would lead to an inconsistency. If, on the other hand, a class I conformal representant 
would admit a semi-regular Killing tensor, then it would belong to the space-times 
discussed in jl6]. As the latter 's unitary representant possesses at most a 1-dimensional 
isometry group, all homogeneous members of class I must be given by the exceptional 
Killing tensor space-times discussed in [2]. These were obtained by fixing the null tetrad 
(cj") such that p = iQr, p' = —ir and t = m, after which the curvature components are 
given by (fT2|) and 

R, ^2, $11, $01 = 20(m2 + Qr2), -^(m^ + Qr^), -1(^2 _Q^2), ^22) 
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{Q = ±1 and r, m are real parameters). With respect to suitably chosen tetrads (fi") 
or (cr"-) the line-elements obtained were: 



Q = 1: 



with 



Q = -1: 



ds^ = 2{n'^ + -QQ^^ + Qn^^), (23) 

1 V 

= ^TT^ ^(2mMt - rdv) - — -{ydx - xdy), 

= — -(sinwdx + cosud|/), 

K:[x,y) 

Vt^ = — -(cosfdx — sint>d?/), 

IC{x,y) 

= ^2 ^(-2^dt + dv) + — -{ydx - xdy), . (24) 

]C{x,y) = 1- {m^ -r^) {x^ + y^) . (25) 
ds2 = 2(crV-crV^), (26) 



2-\/2 + r 

= ^ — ^ K^[fndt + (m + r)zdx + rdy], 

2{m'' + r^) 



.4 



1 



(7 



2(m^ + r^) 



[mdt + {m — r)zdx — rdy], (27) 



with 



g = exp 2 ; ^ . 28 

Note that the m = r limit of (l26l) is conformally flat, while for r — )■ m the metric 
(123|) has a singular limit of Petrov type D, in which the tetrad can be rewritten as 

= d(f — u) + 2mx dy, 
= sin 2mv dx + cos 2mv dy, 
fl^ = cos 2mv dx — sin 2mv dy, 

ri^ = dn - 2mx dy. (29) 

In all cases the dimension of the isometry group is 4 (there is no isotropy as p and 
T are 7^ 0). 



3.2. Class In 

When p' = ([8]) implies $12 = 0. There are then always[10j conformal representants 
admitting a regular or semi-regular Killing tensor. As in the previous paragraph 
homogeneity implies that is real and the same argument as before shows that the 



Homogeneous Killing spinor space-times 



6 



regular case leads to an inconsistency. The semi-regular case was treated in [lU]: there 
however only the hypersurface homogeneous situation was considered and the possibility 
was overlooked (see equations (2.15)) that all the Cartan invariants could be space-time 
constants. The Bianchi equations, together with the assumption that 0, "^2, U and V 
are constant, imply then (p = ±|rp, U = — |rp/2, V = 2(j) — |rp and 

*2 = ^|rr2(0 + 2|r|^)(0-|rn. 

Writing |r| = m (constant) the non-conformally flat cases are characterised by 

8 7 

R, ^2, $11, $01 = 20m^ "2"^^' 

which, when compared with (p2!) . shows that the corresponding metrics should be 
obtainable by taking the Q ^ 00 limit of class I (after replacing r hy r/Q). As the class 
I metrics fl23|26|29p were constructed assuming explicitly Q = ±1, this limit is not easy 
to recognise and therefore these metrics are constructed below from scratch. First the 
tetrad is fixed by means of a boost and a rotation such that p = im and r = vr = m. 
The Cartan equations become then 

diJ^ = -2muj^ A{iu;^ + u;'^), (30) 
da;^ = 2iima;^Aa;^-2ma;^A(a;^ + a;^), (31) 
duj^ = 2mu}^ A{uj^ + uj^). (32) 

It follows that i{(jL!^ — uj"^) — oj^ is closed and that (the dual vector field of) uj^ is 
hypersurface-orthogonal. This allows one to write lj^ = xdu {dx A dn 7^ 0) , after which 
( 132|) implies 

uj^ + uj'^ = dx + vdu (dx A dn A df 7^ 0). 

2mx 

Writing i{u;^ - a;^) = a;^ + 2dy, (jSOD shows that 

u> = dt> — dy + fdu, 

Amx 

with / = — (x^ + v^)/{Ax) + F and F an arbitrary function of u. As the resulting spin 
coefficients and curvature components depend on the parameter m only, it follows[8] 
that a coordinate transformation must exist making -F = C0. The null tetrad becomes 
herewith 

= ^— df - dy - — (x^ + v^)du, = 2xdy (33) 
Amx Ax 

1 1 

uj^ = dx H — (f — ix)du — idy. (34) 

Amx 2 

After a coordinate transformation v — > v/{mx), the line-element can then be written as 

ds^ = — V^(dx2 + 8{v^ - m^x^)du^) + 2{dy + xduf ^dudv. (35) 

Sm^x^ 2m^x 

Again the maximal dimension of the isometry group is 4. 
§ the explicit construction of this transformation is not obvious 
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3.3. Class II 

Imposing p = p' = (and hence $oo = ^22 = 0), the Bianchi equations, together with 
the constancy of R, $11, \l/2 and |r| = m, lead to $01 = ^12 = and 

i?, ^2, $11 = -4m2 - 8V, -{V- m^), V - -m^. 

3 2 

The null tetrad can now be partially fixed by rotating such that t = m. Switching to 
the Newman- Penrose formalism, it furthermore follows from the Bianchi equations that 
the spin coefficients e and 7 are real and that /3 = a. The Cartan equations show then 
that uj^ — ijp' is closed and that (the dual vector fields of) u;^ and ui^ are hypersurface- 
orthogonal. This allows one to partially fix a boost such that mr' is closed too, implying 
e = and a = r/2. The Newman- Penrose equations reduce then to 



D-f = 2m'^ + 2V, 57 = 57 = 0, (36) 

while the Cartan equations become 

duj^ = 2rcj^ A uj\ (37) 

dw^ = 0, (38) 

duj^ = 2juj^ A uj^. (39) 



It follows that uj'^ = du and uj^ = e^dv, with p a function of u and v. by fl5^ 2uj^uj^ is 
then the metric of a two-space of constant curvature. One should now distinguish the 
fiat and non-fiat cases: 

a) when V+m^ 7^ the coordinate v can be re-defined such that lj^ = A;f ~^(df — d-u), 
with, by (136|) . 2k = — l/(m^ -|- V). One has then 7 = 1/v and, putting uj^ — lo"^ = idy 
(137|) can be integrated to give 

£ 

cj"*^ + cj^ = dx H — (df — du), uj^ — up' = idy, 

V 

= du, u}^ = kv~^{dv - du), (40) 
with i = 2m/(m2 + V). Note that the case V = IV? is conformally fiat. 

b) when V + im? = the integration is straightforward and one obtains 

uj^ = 2m{dx + idy + udv), u)^ = du, (jj"^ = dv, (41) 

yielding the line element 

ds^ = 4m^((dx + udv)'^ + dy'^) - dudv. (42) 

As there is a residual 1-dimensional group of boost isotropics, both families (a) and (b) 
admit a 5 dimensional isometry group. 
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3.4. Class III 

This class is the Sachs' transform [,5] of class //. All calculations are therefore similar 
to those of the previous paragraph, but now a distinction has to be made between the 
cases uj^±ljJ^ being closed: this is responsible for the appearance of the extra parameter 
Q = ±1 below. Starting with r = r' = and the constancy of R, $11, and pp', the 
only other non-0 curvature components turn out to be $00 = and $22 = 
Fixing a boost such that p = iQr, p = ir {r & constant), the Newman-Penrose and 
Bianchi equations imply 

R, ^2, $11 = SiU - igr^), ~{U + Qr'), U + ^Qr\ 

with the spin coefficients satisfying e = — e, 7 = —7, /3 = —a. The Cartan equations 
become 

dw^ = uj^ A {2auj^ + (27 - ir)u;^ + (2e - iQr)uj^), (43) 
dcj'^ = 2iQruj^ A uj\ (44) 
duj^ = 2iruj^ A u:\ (45) 

As (the dual vector field of) lo^ is hypersurface-orthogonal, one can partially fix 
a spatial rotation such that oj^ = P~^d( with P real and ( complex. As u;^ — QoJ^ 
is closed, a coordinate u is defined locally by 2dM = o;^ — Quj^. Introducing a fourth 
coordinate w such that cu^ is spanned by d^, d(, dw, equation (H3|) and its complex 
conjugate imply that P = P{(,Q, e = iQr/2, 7 = ir/2, (3 = —a and a = a(C,C)- 
Herewith the remaining Newman-Penrose equations are, in analogy with ( 136|) . given by 

6a + 6a- Aaa = 2U - 2Qr^, Da = Aa = 0, (46) 

expressing that 2(jJ^uj'^ = P^^d^d^ is the metric of a two-space of constant curvature. 
Defining standard coordinates in this two-space by 

k 

uj'^ = {1 + -x'^y^idx + idy) 

and writing uj^ = fdx + gdy + hdw, equation (jH]) shows that f,g,h are functions of 
X, y and w, allowing one to put w = 1 and g = 0. Integration of (jUJ gives then 

/ = 4Qr-^f-^, (47) 

(1 + jx^y 

after which the line-element becomes {w = v — Qu) 

ds" = 2(1 + ^x^)-\dx^ + x^dy^) - 2g[(/da; + dvf - du\ (48) 
The constant k is related to U and r by 

U = Qr^ + I. (49) 

o 

There is an obvious residual isotropy group of spatial rotations and hence these space- 
times admit a 5-dimensional isometry group. The Godel metric is obtained as the special 
case f/ = 0, Q = 1. Note that the case k + IQQr'^ = is excluded, as it gives rise to a 
conformally fiat metric. 
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3.5. Class 1 1 In 

This is the special case p' = of class ///: fixing the boost such that p = ir {r E 
constant) and proceeding in exactly the same way as in the previous paragraph, one 
recovers the expressions for u:^,(jJ^ (but with Q replaced by 1), while u)^ becomes exact. 
The line-element reads then 

k 

ds^ = 2(1 + -x'^y^idx^ + x'^dy^) - 2dudv - 2fdxdu, (50) 

with 

and t/ = I (now the fiat case /c = is excluded). As before there is a 5-dimensional 
isometry group. 

3.6. Class IV 

Here p = p' = t = t' = and the only non-vanishing curvature components are the 
constants 

R, ^2, $11 = 8(t/ - V), '^{V-U),U + V. 

The four basis vector fields are hypersurface-orthogonal and one can partially fix a boost 
and a spatial rotation such that 

= P-MC, oj^ = Q-^du, u;^ = Q-^dv, (52) 

with P and Q depending on (,( and u,v respectively. The surviving Newman-Penrose 
equations are, with real e, 7: 

- Ae + 4e7 = 2V, S-f = Se = 0, (53) 
6a + 6a- Aaa = 2U, Da = Aa = 0, (54) 

expressing that these space-time are products of two constant-curvature two-spaces, 
of signature and 2 respectively. Alternatively they can be characterised as the 
conformally symmetric [H [11] space-times of Petrov type D. With Q = e'^ and P = 
one obtains 

= 2t/e-2f , (55) 
= 2\/e-2^ (56) 

i.e. the Ricci scalars of the two-spaces {u = const, v = const) and {( = const) are 
respectively given by 8U and 8V. The line-element can be written as 

ds^ = 2(1 + 2f/CC)"^dCdC - 2(1 + 2Vuv)-^dudv, (57) 

with U ^ V as otherwise the space-time is conformally flat. Because of the residual 
freedom of boosts and spatial rotations, (the non- conformally flat members of) these 
space-times admit a 6-dimensional isometry group. 
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4. Interpretation 

With tlie exception of (HHl) . whicli for U = 0,Q = 1 reduces to tlie Godel metric 
and of f l57|) . which for U + V > is the A 7^ generahsation of the Bertotti- 
Robinson metricjSl [H] (the unique conformally fiat non-null Einstein-Maxwell solution 
when A = 0), none of the above Killing spinor space-times has an immediate physical 
interpretation. Some of their conformal representants however might be interpreted as 
Einstein-Maxwell, perfect fluid or pure radiation space-times. Addressing this question 
directly in coordinates, leads to insuperable problems. A better strategy is to stay 
within the Newman-Penrose formalism and to express the spin coefficients and curvature 
components of the conformally transformed metric in terms of those of the unitary 
representant and of the directional derivatives of the conformal factor Q. This still 
leads to a complicated algebraic and differential consistency analysis for the unknowns 
DQ, AQ,6Q,6Q and rii, ?t,2, ?t-3, "^,4 (in the case of a perfect fluid Ua = y/w + pUa with 
Ua the 4-velocity), or (in the case of a Maxwell field) the 6 components $0)'^i)'^2 of 
the Maxwell spinor. In the following paragraphs this procedure (for details of which the 
reader is referred to [2j) is applied to the different classes of homogeneous KS space-times 
discussed above. 

Classes I, Ifyf, II and IIIi^ 

For class J, determined by fl231l24p . (126112 7p . ( l29l) . it was shown[2] that there are no perfect 
fiuid (neither aligned nor non-aligned), pure radiation nor Einstein-Maxwell (neither 
singly nor doubly aligned) interpretations. The same conclusions hold for classes Jjv 
and IIIni determined by (l33l) and (l50l) respectively: the analysis is quasi-identical, 
although some care is necessary to exclude the singly aligned Einstein-Maxwell 
the vanishing of the Maxwell spinor components $0 or ^2 is now not equivalent). 

For class J/, determined by (140|) and (HTl) . the Einstein-Maxwell case demands 
some more work than in / or Jtv, as DVl = cannot be excluded a priori on the basis 
of equations (69a) or (69f) of [2J. As all results — for perfect fiuids, pure radiation 
and Maxwell fields — are again negative (and identical to those for class I) and as the 
calculations are quite long and little illuminating, they will not be repeated here. 

4.2. Class III 

The class /// metrics, determined by (l48l) . clearly exhibit local rotational symmetry 
(LRS)[15j: they belong to the LRS I family when Q = 1 and to the LRS III family 
when Q = —1. A search for a perfect fiuid interpretation along the lines of [2] reveals 
that there is no such interpretation when Q = —1: this is in agreement with the fact 
that the class III metrics all have a purely electric Weyl tensor (\E'2 = —{k + 16Qr'^)/12) 
and that no LRS III purely electric perfect fiuids exist [9]. On the other hand, when 
Q = 1 a perfect fiuid interpretation does exist and is necessarily aligned: multiplying 
the metrics (HHj) with a scale factor ^1 = 1/ sinh((A;/2 + Ar'^Y^'^u) transforms (HHj) into 
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a purely electric "stiff ffuid" metric {dp/dw = 1). Purely electric LRS I metrics are 
generalisations of the Godel-metric: they are stiff fluids, the metric of which can be 
written in the standard form[9], 

dx^ 



ds' 



Ik 



(dt + qr'^e'^d<pY + e'^{dr' + r 



(58) 



with e"'^ = 1 + and = (| + + CiX + C2- In fact, dropping the factor from 
( 158|) . a coordinate transformation brings these metrics in the form ( HHl) . This shows that 
for LRS I perfect fluids the condition of being purely electric is equivalent with being 
conformally homogeneous. Again, as for class / there are no (doubly nor singly) aligned 
Einstein-Maxwell nor pure radiation interpretations. 



4.3. Class IV 

As remarked at the end of the previous section the class IV metric (132]) itself represents 
an aligned non-null Einstein-Maxwell field (provided U + V > Q). Again one can show 
that there is no pure radiation interpretation (aligned nor non-aligned), but both aligned 
and non-aligned perfect fluid interpretations do exist. Surprisingly the general solution 
for the non-aligned case can be given in explicit form. We begin by eliminating the 
derivatives of Ui from the Bianchi-equations: this yields the two key equations on which 
the rest of the discussion is based: 

n^dVL + uiDVL = (59) 
niin^An - u^iDQ) = 0. (60) 



4.3.1. Aligned perfect fluid In the aligned case (l59l) immediately implies Q = Q{u,v). 
The resulting perfect fluid metrics, 

ds' = 2niu, vy^PiC, C)-'dCdC - Qiu, v)-Mudv) (61) 

belong then to the locally rotationally symmetric (LRS) space-times of Stewart-Ellis 
type II, which are all purely electric of Petrov type D and admit a Killing spinor. In 
general the metric of a LRS type II space-time is given by 

ds^ = 2Q{u, v)-^P{C, O^^dCdC - 2S{u, v)-^dudv, (62) 

with P~'^d(^d( the metric of a two-space of constant curvature. The family (16T]) can 
therefore be characterised as LRS II perfect fluids having a conformal representant 
which is a product of two-spaces of constant curvature. Although it is easy to show that 
solutions in this family exist (even static ones), the latter restriction is too weak to allow 
for the construction of the general form of these perefct fluids. A special solution in this 
class is given by the special aligned limit (see below) of the non-aligned fluids discussed 
in the following paragraph. This situation changes drastically in the non-aligned case: 
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4-3.2. Non-aligned perfect fluid In the non-aligned case the projections of the fluid 
velocity and the gradient of Q in the eigenblades of the Weyl-tensor are respectively 
orthogonal or parallel to each other, which suggests to introduce new variables 6 = 
[DVL/rii)'^ and Xj = nin4^/ [VLDVL). The perfect fluid fleld equations assume herewith the 
following compact form (D, A, 5, 5 still being the directional derivatives corresponding 
to the original metric (l52l) and writing $ii = F): 

56 =]^xi{l + 2e) {AF/R + 6) (63) 
M = \x^{l + 2d){AF/R-d) (64) 
Dd=]-Xi{l + 2e){AF/R-e) (65) 

{AeF + eR + 2F)xr^ 
oxi = — 2axi, (66) 

^"' = -^''''7fl^'"- C:^i = -2^i^4^^ (68) 

,,3 ._2£l£i^(i±M, (69) 

(4^F-^i? + 2F)x32 ^ ^ 

A^3 = -^ ^-27x3, (70) 

Dx. . J^eF-eR^2F)x.x. 4™ ^^^^ 

^-2^i^i4|±^, (72) 

(4gF-gi? + 2F)x3X4 , , 4F + gi? 

Ax^ = + 2 X4 7 - (73) 

UOF -eR + 2F)x^^ 
Dx^ = -^ — L^ + 2ex, (74) 

Once a solution of these equations has been obtained, the conformal factor Q follows 

from 

dn = en{-xiuj^ - xacj^ + XsUJ^ + x^uj'^), (75) 

while pressure and matter density are determined algebraically by 

1 3 

pfi^^ = —-R + 9(2x3X4 — X1X2 — -R) + 69'^ {xiX2 — X3X4) (76) 

wQ-^ = ^R + 9{3xiX2 + ^R) - Q9'^{xiX2 - X3X4), (77) 

implying 

w + p = —2Q'^9{xiX2 — X3X4). (78) 
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The integrability conditions for this system are identically satisfied under the 
Newman- Penrose equations (153| [5^ for a, e and 7 and hence a perfect fiuid 
interpretation does exist. 

The fiuid's vorticity turns out to be 0, while the expansion is always non-0 and the 
shear only vanishes in the conformally fiat case. The components of the acceleration all 
contain a factor 

xi( or X2) [6(2(10 +p)+ An^(V - U)) + w + p] (79) 

and obviously vanish when xi = X2 = 0, which implies 6 = AF/R and which I will call 
the special aligned limit. Vice versa one can show that the expression (1791) can only 
vanish when 6 is constant, which can only occur when 6 = AF/R = (U + V) / (2(U — V)). 
Note that the special aligned limit, as = VL(u,v), is locally rotationally symmetric of 
Stewart-Ellis type II. 

For the integration of the previous system one first notices that fl66|70|74p are linear 
respectively and that 
5 log X3 5 log X/i AF 



69 56 6(AF + R6)' 

A log Xi D log Xi AF 



(80) 
(81) 




A6 D6 6(AF - R6) ' 

suggesting the introduction of a new set of variables ?/j by 
AF-R6 AF + R6 AF + R6 

—r. , a;3 = — 7. , 3^4 = — 7. • 82 

6y\ 6y^ 6y4 

yield 

-8 + (l + 2Vuv)f3(v)]/v, yi=[-8 + (l + 2Vuv)U(u)]/u (83) 
+ (1 + 2t/CC)/2(C)]/C, Z/2 = [8 + (1 + 2f/CC)/i(C)]/C, (84) 

with fi arbitrary functions of a single variable u,v,( or (. A consistency analysis of ( !73| 
[83]) leads then to 

- 8/4 + (1 + 2Vu v) U [v (1 + 2Vu v) fl - 1/4 (1 + 2Vu v) /s^ + (3 + 2Vu v) fg] 

-8 (l + 2Vuv) (w/3 + 1/4/5^) +QA- (?, + AVuv)f3 = (85) 

together with a differential equation for f^(v), 

IQv^r^ - Av(3h - 16) f!, + fl - 12/2 ^ = 0. (86) 

which can be transformed into a Lienard equation admitting the non-trivial conservation 
law 

[4/^ - ^^(16 + (/3 - 4)2)]-^-^[4/^ - ^^(16 + (/a - 4)^)]^-^^ = constant.(87) 
This allows one to obtain the general solution of ( 185|86|) as 



Homogeneous Killing spinor space-times 14 

with Uq,Vq constants of integration (with a boost one of these can be ehminated, but 
in order to obtain the special solutions [f^ = 0, /4 = 8), (/4 = 0, /s = 8) ) as the limit 
cases Mo or vq — )■ oo, it is preferable to keep both uq and vq present). The corresponding 
expressions (182|) become then 

4F + Re 2VuoV^ + 2v-Vo 



89 1 + 2VuoVo - 2V{u - uq) {v - vo) ' 



_ AF + Re 2Vvqv? + 2m - Uq 

W \^2VuQVQ-2V{u-UQ){y -v^)' ^ ^ 

For the equations (I67|84p one proceeds in exactly the same way and one finds 

8^ l + 2f/CoCo-2f/(C-Co)(C-Co)' 
with (^0 cL constant of integration which can be made real by means of a spatial rotation. 
The special aligned limit is obtained by substituting Q = 4F/R in flS^ I^U]) . 

When 6 is not constant and UV ^ equations fl63|64|65p can then be integrated 
to give 

e = /"(2^ + i)-H4(?7 - vfe'' - (f/ + vfY^&e = —{v - uy^ x 

J 16 

1, l + 2VuoVo-2V{u-uo){v-vo) 1 1 + 2;7CoCo - 2U{C - Co)(C - Co) \^, , 

— loe; loK = 91 

V ^ 1 + 2VUV U ^ l + 2U(C \ 

with a possible constant of integration, which serves to absorb the limit cases uq or 
f — i- oo in the general form ( 1911) . E.g. the limit case f o — )■ oo and (^o ~^ oo is given by 



1, u 1 c+C 

log . , 77 log ■ 



(92) 



y l + 2Vuv U l + 2f/CC. 
We now spht up the left handside of (19T]) as = g^y^3^(0i + ©2), with 

81 = ^ log [{26 + l)^/^-\U + V- 2e{U - r))-i-^/^] (93) 

62 = i log [{29 + l)i-^/^(f/ + K + 2^(f/ - y))^+^/^] , (94) 
which has the advantage of simplifying equation f lTS]) to 

dlog(] = -5620;^ - 5e2a;2 + AOio;^ + DQilj^ (95) 
With the aid of (19T]) the latter equation can then be integrated to give 

^ ' 2t/ ^ l + 2t/CC 

or, alternatively, 

1 o n , ^ + ^ 1 l + 2VMot;o-2r(M-Mo)(t;-t;o) 

log = -62 + ^ log , (97) 

again with a possible constant of integration in order to deal with the limit cases. 
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Note also the special cases U = or = 0, in which the expressions of 0i, G2 are 
obtained as the limits 

01 = -i log(4^2 _ 1), 02 = -1_ + iog(i + 29) {V = 0), (98) 
ei = -— ^-log(l + 2^), e2 = ^log(4e^-l) (f/ = 0). (99) 



and 



after which the expressions fl96|97p become 

logfi = - log(l + - 2f^(" - "o/2)(^ - ^0/2) {V = 0), 

^ -i log(4^^ - 1) + 1 log l + 2^CoCo-2^(C-Co)(C-Co) ^^00) 

log n = - log(l + 26) - 2V{C - Co)(C - Co) {U = 0), 

= -\ log(4^- - 1) + ^ log ^ + -^^1; - - , (101) 

2 2 1 + IVuv 

with ^ given by 

1 , 1-2^ 1 

— log 

1 ^1 + 20 1 + 26 

2Uiu - „./2)(. - ../2) ^ i log ^"^^^°?°;^^«-^°>«-?°' ^ 0). (102) 
2ViC - Co/2)(C - Co/2) + i log ' + ""X" - "°' (C/ = 0). (103) 



5. Discussion 



Homogeneous KS space-times, being of Petrov type D, admit either a 4, 5, or 6- 
dimensional group Gn of isometrics. The following list of space-times exhausts these 
three families: 



G4: class /, determined by i^MM^ dZaET]), ([29]) and class In, determined by 

G5: class //, determined by (HOl) and (HTl) . class //J, determined by (HHI) and class IIIn, 
determined by (l50l) 



Gg: class jy, determined by flF7|) . 



None of these metrics admits (a conformal representant with) a pure radiation 
interpretation. A perfect fluid interpretationh only exists for the class III metric (HHl) 
with Q = 1 and the class IV metrics. The Q = — class III metrics are precisely the 
purely electric LRS I stiff fluid metrics, generalising the Godel-metric, while the class IV 
metrics are either aligned and form a sub-class of the LRS II perfect fluids, or they are 
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non-aligned and then can be given in explicit form. The resulting space-times, discussed 
in §S:bigdiscussion, in general admit no symmetries. 

A different problem is related to the non-nul and non-aligned Petrov type D 
Einstein-Maxwell solutions. Very few of these being explicitly known (Griffiths' 1986 
solution[6j being the only one known to the author), it remains a tantalising question 
whether any such solution might be constructable by conformally transforming any of 
the KS space-times discovered to date. 
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